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P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).

nΨ0
(r) ≡ nN

0 (r)

Ground-state  
electronic density
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How different is an ensemble Kohn—Sham DFT calculation 

from a regular (ground-state) one?
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n(r) ≡ ∑
i

∑
ν≥0

ni,νξν φ{ξν}
i (r)

2

Fractionally occupied KS orbitals

How different is an ensemble Kohn—Sham DFT calculation 

from a regular (ground-state) one?
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EHxc[n] ⟶ E{ξν}
Hxc [n]

Ensemble-weight  
dependence

How different is an ensemble Kohn—Sham DFT calculation 

from a regular (ground-state) one?
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Regular ground-state Kohn—Sham configuration
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= 0
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Eμ − E0 = ε{ξν}→0+

N+μ − ε{ξν}=0
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Exact Factorization-Based Density Functional Theory of Electrons and Nuclei

Ryan Requist* and E. K. U. Gross
Max Planck Institute of Microstructure Physics, Weinberg 2, 06120 Halle, Germany

(Received 13 July 2016; revised manuscript received 1 September 2016; published 4 November 2016)

The ground state energy of a system of electrons (r ¼ r1; r2;…) and nuclei (R ¼ R1;R2;…) is proven
to be a variational functional of the electronic density nðr; RÞ and paramagnetic current density jpðr; RÞ
conditional on R, the nuclear wave function χðRÞ, an induced vector potential AμðRÞ and a quantum
geometric tensor T μνðRÞ. n; jp; Aμ and T μν are defined in terms of the conditional electronic wave
function ΦRðrÞ. The ground state ðn; jp; χ; Aμ; T μνÞ can be calculated by solving self-consistently
(i) conditional Kohn-Sham equations containing effective scalar and vector potentials vsðrÞ and AxcðrÞ
that depend parametrically on R, (ii) the Schrödinger equation for χðRÞ, and (iii) Euler-Lagrange equations
that determine T μν. The theory is applied to the E ⊗ e Jahn-Teller model.

DOI: 10.1103/PhysRevLett.117.193001

The foundations of density functional theory (DFT) [1,2]
are inextricably tied to the Born-Oppenheimer (BO)
approximation. In DFT applications, e.g., electronic band
structure calculations, it often suffices to treat the nuclei
classically or to fix them to their equilibrium positions.
Quantum nuclear effects such as tunneling, delocalization,
and zero-point energy are, however, relevant for several
interesting problems, e.g., the phases of ice [3–6] and the
local structure of water [7–10], and were recently reported
to enable thermally activated tunneling of protons through a
graphene layer [11,12]. Some quantum nuclear effects can
be included in DFT-based calculations by quantizing
nuclear vibrations on the adiabatic ground state potential
energy surface, but because such an approach relies on the
Born-Oppenheimer approximation, it is not formally exact.
When the nuclear variables and electron-nuclear coupling
are treated exactly and fully quantum mechanically, the
electrons feel, instead of the external potential vðrÞ of DFT,
a “weighted” potential −

P
i

R
jχðRÞj2Zie2=jr −RijdR,

modified by the delocalization of the nuclear probability
density jχðRÞj2, but also additional interactions induced by
nonadiabatic electron-nuclear correlations [13,14] not
included in standard DFT functionals.
Particularly in time-dependent processes such as photo-

induced chemical bond dynamics [15], proton transfer in
hydrogen-bonded systems [16], dissociative adsorption of
H2 on Pd(100) [17], and molecular processes involving
conical intersections of BO potential energy surfaces [18],
nonadiabatic and quantum nuclear effects may be signifi-
cant. Mixed quantum-classical approaches, which couple
quantum mechanical electrons to classical nuclear motion,
usually adopt an effective single-particle description of the
electrons, and DFT is often the only method capable of
treating large systems of interest with sufficient accuracy.
For the further development of theories capable of

describing quantum nuclear effects in large systems, it
would be useful to know whether it is, in principle, possible

to include full quantum nuclear motion and electronic-
vibrational coupling while retaining a density functional
formulation of the electronic part of the problem. One way
to answer this question is to define a multicomponent DFT
in terms of an electronic density ρðrÞ in the body-fixed
frame of the nuclei and an Nn-body nuclear density
ΓðRÞ ¼

R
jΨðr; RÞj2dr, where Nn is the number of nuclei.

A Hohenberg-Kohn-type theorem establishing a one-to-one
correspondence between the densities fρðrÞ;ΓðRÞg and
auxiliary potentials fvðrÞ; VðRÞg has been proven [19–21].
To use this theory, one needs an approximation for a
Hartree-exchange-correlation (hxc) functional Ehxc½ρ;Γ%
depending on both densities.
Here, we pursue a different approach that is also exact in

principle and allows one to reuse the well-developed
exchange-correlation functionals of DFT at the first level
of approximation. Being built on the exact factorization
scheme [13,14,22], our approach incorporates the true
nuclear Schrödinger equation, including induced scalar
and vector potentials. The objective of this Letter is to prove
that theground state energy is avariational functional of (i) the
conditional electronic density nðr; RÞ and paramagnetic
current density jpðr; RÞ, (ii) the nuclear wave function
χðRÞ, and (iii) an induced vector potential AμðRÞ and
quantum geometric tensor T μνðRÞ responsible for electro-
magnetic effects in the nuclear Schrödinger equation [23–25].
We propose a minimization scheme that preserves the single-
particle picture of DFTwhile including full quantum nuclear
effects and electronic-vibrational coupling.
Exact factorization.— We start from the nonrelativistic

Hamiltonian of a system of Ne electrons and Nn nuclei,

Ĥ ¼ −
XNn

i¼1

ℏ2∇2
Ri

2Mi
−
XNe

i¼1

ℏ2∇2
ri

2me
þ V̂nn þ V̂ee þ V̂en; ð1Þ

where the Coulomb interaction between nuclei is
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Direct Nonadiabatic Dynamics by Mixed Quantum-Classical
Formalism Connected with Ensemble Density Functional Theory
Method: Application to trans-Penta-2,4-dieniminium Cation
Michael Filatov,* Seung Kyu Min,* and Kwang S. Kim

Department of Chemistry, School of Natural Sciences, Ulsan National Institute of Science and Technology (UNIST), Ulsan 44919,
Korea

*S Supporting Information

ABSTRACT: In this work, a direct mixed quantum-classical dynamics approach is pre-
sented, which combines two new computational methodologies. The nuclear dynamics is
solved by the decoherence-induced surface hopping based on the exact factorization
(DISH-XF) method, which is derived from the exact factorization of the electronic-
nuclear wave function and correctly describes quantum decoherence phenomena.
The state-interaction state-averaged spin-restricted ensemble-referenced Kohn-Sham
(SI-SA-REKS, or SSR, for brevity) electronic structure method is based on ensemble
density functional theory (eDFT) and provides correct description of real crossings
between the ground and excited Born−Oppenheimer electronic states. The new
combined approach has been applied to the excited-state nonadiabatic dynamics of the
trans-penta-2,4-dieniminium cation (PSB3). The predicted S1 lifetime of trans-PSB3,
τ = 99 ± 51 fs, and the quantum yield of the cis conformation, ϕ = 0.63, agree with
the results obtained previously in nonadiabatic molecular dynamics simulations
performed with a variety of electronic structure methods and dynamics formalisms.
Normal-mode analysis of the obtained classical nuclear trajectories suggests that only a few vibrational normal modes con-
tribute to the nuclear wavepacket; where synchronization between several modes plays a dominant role for the outcome of
photoisomerization.

1. INTRODUCTION
For modeling nonadiabatic molecular dynamics of realistic
molecules with multiple nuclear degrees of freedom, it is neces-
sary to calculate accurately and efficiently electronic (or Born−
Oppenheimer) ground and excited states including non-
adiabatic couplings between them and to describe coupled
electron−nuclear dynamics with the correct account of quan-
tum decoherence phenomena. For the former it is crucial to
describe correct topology of conical intersections, i.e., real
crossings between the electronic states of the same space and
spin symmetry.1 As the quantum mechanical methods used for
direct dynamics should satisfy this requirement, only a limited
repertoire of methods can be used for this purpose.2 Predom-
inantly these are the methods based on the complete active
space self-consistent field (CASSCF) methodology3 and
CASSCF augmented by perturbational description of the
dynamic electron correlation, e.g., CASPT2.4 These method-
ologies should be used in the state-averaged (SA)5 or multi-
state (MS)6 form to provide for the correct description of the
double-cone topology of conical intersections, and this require-
ment increases further the computational cost. Although
SA-CASSCF can treat sufficiently large molecules, especially
when ran on modern hardware,7 the lack of the dynamic elec-
tron correlation (consequently, underestimation of the energies
of the chemical bonds) makes predictions obtained with this
methodology less reliable. Inclusion of the dynamic correlation,

even at the simplest MS-CASPT2 (MSPT2, for brevity) level,
immediately increases the computational cost and restricts
applicability of the direct nonadiabatic molecular dynamics to
small molecules.
For the nuclear dynamics, probably the most accurate

method would be the full quantum mechanical description of
the nuclear motion, such as in the multiconfigurational time-
dependent Hartree (MCTDH) method8 or in the variational
multiconfigurational Gaussian wave packet (vMCG) method.9

The latter methods require on-the-fly obtaining of the molec-
ular Hessians, which imposes an unbearable burden on the
electronic structure methods; hence, they are limited to a
relatively small number of nuclear degrees of freedom. The
ab initio multiple spawning (AIMS) method10 employs classical
equations of motion to describe evolution of the trajectory
basis functions used to expand the nuclear wavepacket. Hence,
AIMS simplifies considerably the full quantum description
(e.g., the Hessian is no longer needed) and can be applied to
bigger molecular systems.11 Further simplifications of the non-
adiabatic quantum molecular dynamics are achieved with the
use of a mixed quantum-classical approach,12,13 where the
classical nuclear equations of motion (EOM) are combined
with the quantum mechanical description of electrons to
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Born—Huang expansion of the molecular wave function

ψmol.(R, r) = ∑
ν≥0

χν(R)Ψelec.
ν (R, r)

Trial molecular  
wave function Nuclear  

wave functions

Ground- and excited-state  
electronic wave functions

Electronic coordinates 
Bond distance (for example)
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Born—Huang expansion of the molecular wave function

Trial molecular  
wave function Nuclear  

wave functions

Ground- and excited-state  
electronic wave functions

⇔

“Ensemble”

ψmol.(R, r) = ∑
ν≥0

χν(R)Ψelec.
ν (R, r)
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

Ψelec.(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξν(R)Eelec.
ν (R)}

Molecular variational principle

The electronic energy within the molecule 
is an ensemble energy

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

diatomics

ψ mol.(R, r) = χT(R)Ψelec.(R, r)
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

Ψelec.(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξν(R)Eelec.
ν (R)}

Molecular variational principle

To-be-determined ensemble weights:

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

ξν(R) ≡
|χν(R) |2

|χ(R) |2 🧐



30

E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

Ψelec.(R)
∂2−jχ(R)

∂R2−j

+ …

Molecular variational principle

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

{∫ dr Ψelec.
ν (R, r)

∂ jΨelec.
μ (R, r)
∂Rj } ≡ Λ( j)

Ψelec.(R)

Non-adiabatic couplings (NACs)
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

Ψelec.(R)
∂2−jχ(R)

∂R2−j

+ …

Molecular variational principle

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

{∫ dr Ψelec.
ν (R, r)

∂ jΨelec.
μ (R, r)
∂Rj } ≡ Λ( j)

Ψelec.(R) = ???

Non-adiabatic couplings (NACs)

🧐
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

Ψelec.(R)
∂2−jχ(R)

∂R2−j

+ …

Molecular variational principle

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

{∫ dr Ψelec.
ν (R, r)

∂ jΨelec.
μ (R, r)
∂Rj } ≡ Λ( j)

Ψelec.(R) = ??? ≠ Λ( j)
ΦKS(R)

True non-adiabatic couplings (NACs) Kohn—Sham NACs
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( ̂Te + Ŵee + ̂VNe(R)) Ψelec.
ν (R, r) = Eelec.

ν (R) Ψelec.
ν (R, r)

ψmol.(R, r) = χT(R)Ψelec.(R, r)

From the interacting to the non-interacting KS representation 

Adiabatic (interacting)  
representation 

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).
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ψmol.(R, r) = χT(R)Ψelec.(R, r)

= χT(R)𝒰(R)𝒰†(R)Ψelec.(R, r)

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

From the interacting to the non-interacting KS representation 

Adiabatic (interacting)  
representation 

Unitary  
transformation
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ψmol.(R, r) = χT(R)Ψelec.(R, r)

= χT(R)𝒰(R) 𝒰†(R)Ψelec.(R, r) ΦKS(R, r)

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

From the interacting to the non-interacting KS representation 

Adiabatic (interacting)  
representation 
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ψmol.(R, r) = χT(R)Ψelec.(R, r)

= χT(R)𝒰(R) 𝒰†(R)Ψelec.(R, r) ΦKS(R, r)

= (𝒰T(R)χ(R))
T

ΦKS(R, r) Ensemble Kohn—Sham  
representation

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

Adiabatic (interacting)  
representation 

From the interacting to the non-interacting KS representation 
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

ΦKS(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξ̃ν(R)Eelec.
ν (R)}

KS NACs 
(no approximation 

made!)

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

Exact theory using Kohn—Sham non-adiabatic couplings 

😁
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

ΦKS(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξ̃ν(R)Eelec.
ν (R)}

Electronic ensemble energy 
with modified weights

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

ξ̃ν(R) =
∑μ≥0 𝒰*νμ(R) χμ(R)

2

χ(R)
2

ξν(R) ≡
| χν(R) |2

| χ(R) |2

BeforeNow

Exact theory using Kohn—Sham non-adiabatic couplings 



39

E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

ΦKS(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξ̃ν(R)Eelec.
ν (R)}

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

ξ̃ν(R) =
∑μ≥0 𝒰*νμ(R) χμ(R)

2

χ(R)
2

ξν(R) ≡
| χν(R) |2

| χ(R) |2

BeforeNow

Ψelec.(R, r) = 𝒰(R) ΦKS(R, r)
Unitary transformation

Exact theory using Kohn—Sham non-adiabatic couplings 
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

ΦKS(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξ̃ν(R)Eelec.
ν (R)}

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

ξ̃ν(R) =
∑μ≥0 𝒰*νμ(R) χμ(R)

2

χ(R)
2

Ψelec.(R, r) = 𝒰(R) ΦKS(R, r)
Unitary transformation

Exact theory using Kohn—Sham non-adiabatic couplings 

Ensemble energy 

to be described with a KS system

Ensemble weights
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

ΦKS(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξ̃ν(R)Eelec.
ν (R)}

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

ξ̃ν(R) =
∑μ≥0 𝒰*νμ(R) χμ(R)

2

χ(R)
2

Ψelec.(R, r) = 𝒰(R) ΦKS(R, r)
Unitary transformation

Exact theory using Kohn—Sham non-adiabatic couplings 

= ???Ensemble weights

Ensemble energy 

to be described with a KS system

🧐
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F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

ξ̃ν(R) =
∑μ≥0 𝒰*νμ(R) χμ(R)

2

χ(R)
2

Ψelec.(R, r) = 𝒰(R) ΦKS(R, r)
Unitary transformation

Exact theory using Kohn—Sham non-adiabatic couplings 

∑
ν

ξ̃ν(R) nΨelec.
ν

(R, r) = nξ̃(R)(R, r) = ∑
ν

ξ̃ν(R) nΦKS
ν

(R, r)

Ensemble density constraint 

= ???Ensemble weights
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ξ̃ν(R) =
∑μ≥0 𝒰*νμ(R) χμ(R)

2

χ(R)
2

Ψelec.(R, r) = 𝒰(R) ΦKS(R, r)
Unitary transformation

Exact theory using Kohn—Sham non-adiabatic couplings 

∑
ν

ξ̃ν(R) nΨelec.
ν

(R, r) = nξ̃(R)(R, r) = ∑
ν

ξ̃ν(R) nΦKS
ν

(R, r)

Ensemble density constraint 

Ensemble weights Functionals of the  
ensemble density!
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E = min
χ {−

1
2M ∫ dR χ†(R)

∂2χ(R)

∂R2
+∫ dR VNN(R) χ(R)

2

−
1
M

2

∑
j=1

1
j ∫ dR χ†(R) Λ( j)

ΦKS(R)
∂2−jχ(R)

∂R2−j

+ ∫ dR | χ(R) |2
∑
ν≥0

ξ̃ν(R)Eelec.
ν (R)}

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).

Ψelec.(R, r) = 𝒰(R) ΦKS(R, r)
Unitary transformation

Exact theory using Kohn—Sham non-adiabatic couplings 

Self-consistent evaluation of   the ensemble weights  ξ̃(R)

ξ̃(R) = ξ̃ [𝒰 [nξ̃(R)], χ(R)]
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Implementation of the theory (work in progress)

THE JOURNAL OF CHEMICAL PHYSICS 148, 084110 (2018)

Density functional theory of electron transfer beyond
the Born-Oppenheimer approximation: Case study of LiF

Chen Li,1,a) Ryan Requist,1 and E. K. U. Gross1,2
1Max Planck Institute of Microstructure Physics, Weinberg 2, 06120 Halle, Germany
2Fritz Haber Center for Molecular Dynamics, Institute of Chemistry, The Hebrew University

of Jerusalem, Jerusalem 91904, Israel

(Received 1 November 2017; accepted 8 February 2018; published online 28 February 2018)

We perform model calculations for a stretched LiF molecule, demonstrating that nonadiabatic charge
transfer effects can be accurately and seamlessly described within a density functional framework.
In alkali halides like LiF, there is an abrupt change in the ground state electronic distribution due
to an electron transfer at a critical bond length R = Rc, where an avoided crossing of the lowest
adiabatic potential energy surfaces calls the validity of the Born-Oppenheimer approximation into
doubt. Modeling the R-dependent electronic structure of LiF within a two-site Hubbard model, we
find that nonadiabatic electron-nuclear coupling produces a sizable elongation of the critical Rc by 0.5
bohr. This effect is very accurately captured by a simple and rigorously derived correction, with an
M

1 prefactor, to the exchange-correlation potential in density functional theory, M = reduced nuclear
mass. Since this nonadiabatic term depends on gradients of the nuclear wave function and conditional
electronic density, rR �(R) and rRn(r, R), it couples the Kohn-Sham equations at neighboring R

points. Motivated by an observed localization of nonadiabatic effects in nuclear configuration space,
we propose a local conditional density approximation—an approximation that reduces the search for
nonadiabatic density functionals to the search for a single function y(n). Published by AIP Publishing.

https://doi.org/10.1063/1.5011663

I. INTRODUCTION

The many-body electron-nuclear Schrödinger equation is
the fundamental equation of computational chemistry, but its
complexity makes it difficult to find approximate solutions
with “chemical accuracy” (1 kcal/mol⇡ 40 meV). Invoking the
Born-Oppenheimer (BO) approximation1,2 and working with
adiabatic potential energy surfaces (PESs) provide a signifi-
cant simplification by effectively separating the electronic and
nuclear variables. The electronic Schrödinger equation with
clamped nuclei can be solved by ab initio quantum chem-
istry methods at each point in nuclear configuration space
to yield the ground state PES. The nuclear motion is char-
acterized by the quantized vibrations and rotations on that
surface.

This adiabatic treatment usually works well because the
nuclear masses are significantly larger than the electron mass,
rendering the nonadiabatic electron-nuclear coupling negli-
gibly small. However, it breaks down in several interesting
cases, e.g., when the adiabatic PESs approach each other
too closely, as occurs at conical intersections.3 Nonadiabatic
effects can significantly influence chemical reactions, partic-
ularly those involving photoexcited states, proton or electron
transfer, spin-orbit coupling, and small energy gaps at the tran-
sition state. Some well-known examples are alkali hydrogen
halide exchange reactions (e.g., Li + HF! LiF + H),4–7 colli-
sional electron transfer reactions (e.g., Na + I!Na+ + I ),8–10

a)chen.li@mpi-halle.mpg.de

and reactions involving hydrogen (e.g., F + H2!HF + H).11–14

The potential impact of nonadiabatic effects on proton transfer
in water15–24 remains largely unexplored. A realistic descrip-
tion of such problems requires methods that go beyond the BO
approximation.

By striking a balance between accuracy and compu-
tational complexity, density functional theory (DFT) has
become the most popular electronic structure method and
perhaps the only method capable of treating large sys-
tems with quantum effects. Therefore, it would be ideal
to incorporate nonadiabatic effects into DFT. One approach
to incorporating nonadiabatic and quantum nuclear effects
is to define a multicomponent DFT with both the elec-
tronic density n(r) and Nn-body nuclear density �(R) as

basic functional variables.25 As the electronic density n(r)
= Ne s dRdr2 . . . drNe

| (r, r2, . . . , rNe
, R)|2 is expressed in

the body-fixed molecular frame and averaged over the nuclear
variables R ⌘ (R1, R2, . . . , RNn

), it differs from the electronic
density in DFT, which is a conditional electronic density with
parametric R-dependence. Functional approximations have

been introduced and tested for the hydrogen molecule25,26

and electron-proton correlation,27,28 though they have not been
applied to charge transfer systems.

An alternative nonadiabatic density functional theory,
which works with a conditional electronic density, namely,
the density n(r, R) = h�R | ̂†(r) ̂(r)|�Ri calculated with
the conditional electronic wave function |�R i defined in the

exact factorization scheme,29–31 has recently been proposed.32

0021-9606/2018/148(8)/084110/10/$30.00 148, 084110-1 Published by AIP Publishing.

t(R)
U1 U2

−
Δvext(R)

2
+

Δvext(R)
2

 electronsn  electrons2−n Geometry-dependent 
two-electron Hubbard dimer model

F. Yildirim, B. Lasorne, and E. Fromager, in preparation (2023).
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n(r) ≡ (1 −
excited states

∑
ν>0

Nν

N
ξν) nN

0 (r) +
excited states

∑
ν>0

ξνnν(r)

Unified -centered ensemble DFT  
of charged and neutral excited states 

N

Ensemble enlarged to charged excitations 

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022). 
C. Marut, F. Cernatic, B. Senjean, P.-F. Loos, and E. Fromager, to be submitted (2023).
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n(r) ≡ (1 −
excited states

∑
ν>0

Nν

N
ξν) nN

0 (r) +
excited states

∑
ν>0

ξνnν(r)

∫ dr n(r) = N

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022). 
C. Marut, F. Cernatic, B. Senjean, P.-F. Loos, and E. Fromager, to be submitted (2023).

Unified -centered ensemble DFT  
of charged and neutral excited states 

N
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E{ξν}[n] ≡ (1 −
excited states

∑
ν>0

Nν

N
ξν) EN

0 +
excited states

∑
ν>0

ξνEν

n(r) ≡ (1 −
excited states

∑
ν>0

Nν

N
ξν) nN

0 (r) +
excited states

∑
ν>0

ξνnν(r)

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022). 
C. Marut, F. Cernatic, B. Senjean, P.-F. Loos, and E. Fromager, to be submitted (2023).

Unified -centered ensemble DFT  
of charged and neutral excited states 

N
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EN
μ − EN−1

0 =
μ>0

εξμ→0+

N+μ −
( ∫ dr vξμ→0+

Hxc (r)nN
0 (r) − EHxc[nN

0 ])
N

−
∂E{ξν}

xc [nN
0 ]

∂ξ−
{ξν}=0

+
∂E{ξν}

xc [nN
0 ]

∂ξμ
{ξν}=0

EN−1
0 − EN

0 = − εξμ=0
N +

( ∫ dr vξμ=0
Hxc (r)nN

0 (r) − EHxc[nN
0 ])

N
+

∂E{ξν}
xc [nN

0 ]
∂ξ−

{ξν}=0

ξμ = 0

ξμ → 0+

EN
μ − EN

0 = (EN
μ − EN−1

0 ) + (EN−1
0 − EN

0 )

Exact neutral 

excitation energy

EN
μ − EN

0 =
μ>0

εξμ→0+

N+μ − εξμ=0
N

M. Levy, Phys. Rev. A 52, R4313 (1995). 
T. Gould, Z. Hashimi, L. Kronik, and S. G. Dale, J. Phys. Chem. Lett. 13, 2452 (2022). 
C. Marut, F. Cernatic, B. Senjean, P.-F. Loos, and E. Fromager, to be submitted (2023). 

if  (arbitrary choice)= 0Koopmans theorems
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EN
μ − EN−1

0 =
μ>0

εξμ→0+

N+μ −
( ∫ dr vξμ→0+

Hxc (r)nN
0 (r) − EHxc[nN

0 ])
N

−
∂E{ξν}

xc [nN
0 ]

∂ξ−
{ξν}=0

+
∂E{ξν}

xc [nN
0 ]

∂ξμ
{ξν}=0

if  (arbitrary choice)= 0

∫
dr
N (vξμ→0+

xc (r) − vξμ=0
xc (r)) nN

0 (r) =
∂E{ξν}

xc [nN
0 ]

∂ξμ
{ξν}=0

Derivative

discontinuity!

ξμ → 0+

ξμ = 0
EN−1

0 − EN
0 = − εξμ=0

N +
( ∫ dr vξμ=0

Hxc (r)nN
0 (r) − EHxc[nN

0 ])
N

+
∂E{ξν}

xc [nN
0 ]

∂ξ−
{ξν}=0

Koopmans theorems

M. Levy, Phys. Rev. A 52, R4313 (1995). 
T. Gould, Z. Hashimi, L. Kronik, and S. G. Dale, J. Phys. Chem. Lett. 13, 2452 (2022). 
C. Marut, F. Cernatic, B. Senjean, P.-F. Loos, and E. Fromager, to be submitted (2023). 
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

E{ξν} = ∑
μ≥0

ξμ⟨ ̂T + ̂Vext⟩Φ{ξν}
μ

+ E{ξν}
Hxc [n{ξν}]

We cannot “read”  
the individual energies!
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

Eμ = E0 + Eμ − E0
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

Eμ = E0 + Eμ − E0 = E0 + ∑
ν>0

δνμ
∂E{ξν}

∂ξν
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

Eμ = E0 + Eμ − E0 = E0 + ∑
ν>0

δνμ
∂E{ξν}

∂ξν

E{ξν}=0
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

Eμ = E0 + Eμ − E0 = E0 + ∑
ν>0

δνμ
∂E{ξν}

∂ξν
= E{ξν} + ∑

ν>0
(−ξν + δνμ) ∂E{ξν}

∂ξν

E{ξν}=0
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

Eμ = E{ξν} + ∑
ν>0

(δνμ−ξν) ∂E{ξν}
∂ξν
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

Eμ = [1 + ∑
ν>0

(δνμ−ξν) ∂
∂ξν ] E{ξν}

Ensemble Kohn-Sham  
decomposition
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E{ξν} = (1 − ∑
ν>0

ξν) E0 + ∑
ν>0

ξνEν

Auxiliary quantity (not an observable) …

… that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). 
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

Eμ = [1 + ∑
ν>0

(δνμ−ξν) ∂
∂ξν ] E{ξν}

Ensemble Kohn-Sham  
decomposition

Deduced from the (ensemble) Kohn-Sham  
orbital energies
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Ordered-weight ensemble density functional theory

E{ξν(R)} = ∑
ν≥0

ξν(R) Eelec.
ν (R)

What if the weights are not  
in decreasing order?
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Ordered-weight ensemble density functional theory

E{ξν(R)} = ∑
ν≥0

ξν(R) Eelec.
ν (R)

E[ξν(R)] = ∑
ν≥0

[ξν(R)] Eelec.
ν (R)

Ordered-weight  
Ensemble energy
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Ordered-weight ensemble density functional theory

E{ξν(R)} = ∑
ν≥0

ξν(R) Eelec.
ν (R)

E[ξν(R)] = ∑
ν≥0

[ξν(R)] Eelec.
ν (R) n[ξν(R)](r) = ∑

ν≥0
[ξν(R)] nΨelec.

ν (R)(r)

Ordered-weight  
Ensemble energy

Ordered-weight  
Ensemble density



66

Ordered-weight ensemble density functional theory

E{ξν(R)} = ∑
ν≥0

ξν(R) Eelec.
ν (R)

E[ξν(R)] = ∑
ν≥0

[ξν(R)] Eelec.
ν (R) n[ξν(R)](r) = ∑

ν≥0
[ξν(R)] nΨelec.

ν (R)(r)

Eelec.
ν (R) ≡ Eelec.

ν [n[ξν(R)]]
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Ordered-weight ensemble density functional theory

E{ξν(R)} = ∑
ν≥0

ξν(R) Eelec.
ν (R) ≡ E{ξν(R)} [n[ξν(R)]]

E[ξν(R)] = ∑
ν≥0

[ξν(R)] Eelec.
ν (R) n[ξν(R)](r) = ∑

ν≥0
[ξν(R)] nΨelec.

ν (R)(r)

Eelec.
ν (R) ≡ Eelec.

ν [n[ξν(R)]]


