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Brief review of (ensemble) density-functional
electronic structure theory



Density functional theory (DFT) of ground and excited states
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Density-functional theory (DFT) of N-electron ground states

e
Variational principle \ f

ny (1) = 1y (1)

Ground-state
electronic density
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Theophilou-Gross-Oliveira-Kohn (TGOK) ensembles

(Almost) independent ensemble weights {fy}
are assigned to the excited states
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Theophilou-Gross-Oliveira-Kohn (TGOK) ensembles
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Theophilou-Gross-Oliveira-Kohn (TGOK) ensembles

Neutral excitation processes
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Theophilou-Gross-Oliveira-Kohn (TGOK) ensembles
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Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle
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Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle
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Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle
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How different is an ensemble Kohn—Sham DFT calculation
from a regular (ground-state) one?
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How different is an ensemble Kohn—Sham DFT calculation
from a regular (ground-state) one?
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Fractionally occupied KS orbitals
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How different is an ensemble Kohn—Sham DFT calculation
from a regular (ground-state) one?

Eqsln] — E\/[n]

Ensemble-weight
dependence
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Ensemble weight dependence of the xc functional
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Regular ground-state Kohn—Sham configuration
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Ensemble weight dependence of the xc functional

I =N+ u
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Infinitesimal excitation process in the fictitious Kohn—Sham world

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
C. Marut, F. Cernatic, B. Senjean, P-F. Loos, and E. Fromager, to be submitted (2023).

19



Ensemble weight dependence of the xc functional
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Exact excitation energy!
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Ensemble weight dependence of the xc functional
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Ensemble weight dependence of the xc functional
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Ensemble weight dependence of the xc functional
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“Derivative discontinuity”
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Towards an in-principle-exact ensemble
density-functional theory of electrons and nuclei
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Born—Huang expansion of the molecular wave function

Bond distance (for example)
Electronic coordinates

l//mOl’(R, 7’) — ZZU(R)\I}ileC.(R, I")

v>(0 Ground- and excited-state
Trial molecular electronic wave functions

. Nuclear
wave function

wave functions
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Born—Huang expansion of the molecular wave function
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electronic wave functions

0

“Ensemble”

Trial molecular

. Nuclear
wave function

wave functions

27



ssomce  IMolecular variational principle

l _ 1 °x(R) 2
E=min{ —— JdR J Rt JdR Vin(R) ‘ 2R ‘
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W R, 1) = FI(RPCR, 1) o) R

+ JdR B Y E(RER) }

v>0

T

The electronic energy within the molecule
is an ensemble energy

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).
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Molecular variational principle
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T 0 "7y (R)
__JZ} - [dR;( B) Ayee ® ——
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To-be-determined ensemble weights:

R | |
£ (R) = | %,( )I2 “®

| X(R) |

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).
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Molecular variational principle
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Non-adiabatic couplings (NACs)

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).
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Molecular variational principle
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Non-adiabatic couplings (NACs)

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).
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Molecular variational principle
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True non-adiabatic couplings (NACs) Kohn—Sham NACs

32
F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).



From the interacting to the non-interacting KS representation

LR, ) = yT(R)P(R, r) Adiabatic (interacting)
- o representation
(Te + z 9y + ‘A/Ne(R)> ‘Pilec'(R, },.) — E}flec.(R) ‘Pilec'(R, l")
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From the interacting to the non-interacting KS representation

mol-(R r) = ¥T(R)P““(R, r Adiabatic (interacting)
14 X I
- representation
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Unitary
transformation
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From the interacting to the non-interacting KS representation

LR, ) = yT(R)P(R, r) Adiabatic (interacting)
- o representation
= /TRUR) U (RL“(R, 1) D (R, 1)

F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).
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From the interacting to the non-interacting KS representation

W™ (R, ) = yT(R)P“(R, r) Adiabatic (interacting)
- o representation
= ST RUR) U (R)F“(R, 1) D(R, 1)
T T
= (% (R))((R)) @KS(R, r) Ensemble Kohn—Sham
T o representation
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Exact theory using Kohn—Sham non-adiabatic couplings

. 1 azg(R) 2
E= min 4 = 557 JdR J Rt JdR Van(R) ‘ 2R ‘

2, 1 ) o AR
- [dR;ﬁ(R) AVL(R)

1
M S ORI

=17

b R 0P T ERE®
v>0
KS NACs
(no approximation
made!)

AA

="

37
F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).



Exact theory using Kohn—Sham non-adiabatic couplings
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Exact theory using Kohn—Sham non-adiabatic couplings
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Exact theory using Kohn—Sham non-adiabatic couplings

. 1 azg(R) 2
E= min 4 = 557 JdR J Rt JdR Van(R) ‘ 2R ‘

+ JdR x(R) |2[2 & (RES““(R)

v>0

Ensemble energy
to be described with a KS system

|

‘ 250 Y5 R 1, (R)

Unitary transformation
PR, 1) = UR) DR, 7)
I

Ensemble weights —p | £(R) = -
«®)|

40
F. Cernatic, B. Lasorne, and E. Fromager, “Perspective” paper in J. Chem. Phys, in preparation (2023).



Exact theory using Kohn—Sham non-adiabatic couplings
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Exact theory using Kohn—Sham non-adiabatic couplings
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Ensemble density constraint
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Exact theory using Kohn—Sham non-adiabatic couplings
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Exact theory using Kohn—Sham non-adiabatic couplings
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Implementation of the theory (work in progress)

-------------------
--------------------------

: 1 electrons Py :
Yi 1(R) % 2nelectrons § Geometry-dependent
Av, (R) Q ------------------- ) A, (R two-electron Hubbard dimer model
— »

THE JOURNAL OF CHEMICAL PHYSICS 148, 084110 (2018)

Density functional theory of electron transfer beyond
the Born-Oppenheimer approximation: Case study of LiF

Chen Li,"® Ryan Requist,' and E. K. U. Gross'?
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Unified N-centered ensemble DFT
of charged and neutral excited states

(excited states

nry=\(1- 2

9 v>()

N,

N

_J

Ensemble enlarged to charged excitations

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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Unified N-centered ensemble DFT
of charged and neutral excited states

excited states: N7

nry=\|1- Z Wynfy 1y (r) +

v>0
!

drn(r) =N

|
|

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
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Unified N-centered ensemble DFT
of charged and neutral excited states

excited states excited states

D En
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excited states
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v>()
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Koopmans theorems  if = 0 (arbitrary choice)

----------------------------------------------------------------------------------------------------------------------
*
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EN _gN — &0 _ o0 Exact neutral

excitation energy

M. Levy, Phys. Rev. A 52, R4313 (1995).
T. Gould, Z. Hashimi, L. Kronik, and S. G. Dale, J. Phys. Chem. Lett. 13, 2452 (2022). 51
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

Flé) = Z é_fﬂ(T+ Vext>q)l£5v} + E}{If:c} ln{é}]

pu=>0

We cannot “read”
the individual energies!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

54



Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

... that varies linearly with the ensemble weights!

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

... that varies linearly with the ensemble weights!

EM=EO+E,L£_EO

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

... that varies linearly with the ensemble weights!

oE)
(/>O v
E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).




Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

... that varies linearly with the ensemble weights!

OE!%]

v>0
E{§U}=O

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v
Auxiliary quantity (not an observable) ...

v>0 v>0

... that varies linearly with the ensemble weights!

oEE) [
E,=Ey,+E,—E, =+ Y s, " =ElS 4+ ) (—

v>0

v>0

) OE\% )
L+ 0u) o
J \___/

\_
E{§V}=O

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020). \/4

5

K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

... that varies linearly with the ensemble weights!

Eﬂ — &) 4 Z <5vu_§y> OE\S)

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

... that varies linearly with the ensemble weights!

E, = _1 + Z <5u;r<fu> % El&)

v>0 i \\[/

Ensemble Kohn-Sham
decomposition

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Extraction of individual energies from the ensemble energy

ESl=1=) ¢ |E+ ) ¢E,

v>0 v>0

v
Auxiliary quantity (not an observable) ...

... that varies linearly with the ensemble weights!

5> (0,5) 5| B

Deduced from the (ensemble) Kohn-Sham Ensemble Kohn-Sham

orbital energies decomposition

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Ordered-weight ensemble density functional theory

E{fy(R)} — Z 51/( R) Eﬁlec.( R)

>0

What if the weights are not
in decreasing order?
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Ordered-weight ensemble density functional theory

E{fy(R)} — Z éy(R) Eflec'(R)

v>0

EE®] = 3 [6(R)] E*(R)

v>0

Ordered-weight
Ensemble energy
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Ordered-weight ensemble density functional theory

E{fy(R)} — Z éy(R) Eflec'(R)

v>0

ElE®| — Z [ E( R)] Elflec.( R) 1|6 ®)] (r) = Z [@(R)] nlI’glea(R)(r)

v>0 v>0

Ordered-weight Ordered-weight
Ensemble energy Ensemble density
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Ordered-weight ensemble density functional theory

E{fy(R)} — Z éy(R) Eglec.(R)

v>0

EE®] = 3 [6(R)] E*(R)

v>0

Eflec'(R) = Eflec. [I’l [@(R)]]

n[‘fy(R)] (r) — Z [fy(R)] n\pglec.(}{)(r)

v>0
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Ordered-weight ensemble density functional theory

Ele®} — Z £ (R) E¢ec(R) = E\&(®)] [n [éy(R)]]

v>0

ElE®] — Z [ E( R)] Eyelec.( R) n|&®)] (r) = Z [gy(R)] n\Pglec_(R)(r)

v>0 v>0

Eflec.( R) = Eflec. [I’l [@(R)]]

o7



